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Many of the XY Z resonances observed by the Belle, Babar, CLEO and BESIII collaborations
in the past decade are difficult to interpret as conventional quark-antiquark mesons, motivating
the consideration of scenarios such as multi-quark states, meson molecules, and hybrids. After a
brief introduction to QCD sum-rule methods, we provide a brief but comprehensive review of the
mass spectra of the quarkonium-like tetraquark states qQq¯Q¯, doubly charmed/bottomed tetraquark
statesQQq¯q¯ and the heavy quarkonium hybrid states Q¯GQ in the QCD sum rules approach. Possible
interpretations of the XY Z resonances are briefly discussed.
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I. INTRODUCTION
In the conventional quark model (QM), hadrons, including the qq¯ mesons and qqq baryons, are bound states of
quarks and anti-quarks [1, 2]. The strong interaction of the colored quarks and gluons emerges from the low-energy
regime of quantum chromodynamics (QCD), which is the most technically-challenging aspect of the standard model
(SM). The hadron spectrum is therefore of great importance to our understanding of QCD.∗
In the quark model, a qq¯ meson is a color-singlet state, which is composed of a quark color triplet and an antiquark
color antitriplet. For a neutral qq¯ state, its parity and charge conjugation parity are P = (−)L+1 and C = (−)L+S
respectively, where L is the relative momentum and S is the total spin. Thus the allowed JPC quantum numbers
for a neutral qq¯ meson are JPC = 0++, 0−+, 1++, 1−−, 1+−, 2++, 2−−, 2−+, · · · . Most of the experimentally observed
mesons can be interpreted as a conventional qq¯ state. However, a qq¯ pair can also be a color octet in QCD, which
may combine with the other colored objects such as an excited gluonic field to form a hybrid meson (q¯gq). Hybrid
mesons are very interesting since they are allowed to carry not only the ordinary quantum numbers of the qq¯ mesons
listed above, but also exotic quantum numbers such as JPC = 0−−, 0+−, 1−+, 2+−, · · · , which are not accessible to
simple qq¯ states. The study of the hybrid mesons provides an important platform to understand QCD as the theory
of the strong interaction, including characteristics of color confinement.
Since the first investigation of hybrid mesons by Jaffe in 1976 [3], light hybrids were extensively studied in the MIT
Bag model [4, 5], flux tube model [6–10], lattice QCD [11–14] and QCD sum rules [15–22]. To date, there has been
some experimental evidence of the exotic light hybrid with JPC = 1−+ [23–28]. For the heavy quarkonium hybrids,
there are also many calculations performed in the constituent gluon model [29], the flux tube model [8], QCD sum
rules [30–38], nonrelativistic QCD [39] and lattice QCD [40–45].
The diquark pair is another interesting color non-singlet bilinear operator in QCD. The color structure of a qq
diquark can be symmetric 6c or antisymmetric 3¯c with similar flavor structure. Without inserting the covariant
derivative, the spin and parity of a diquark operator can be determined by its color, flavor and Lorentz structures.
The Lorentz structures are classified by using different kinds of γ matrices resulting in six distinct diquark operators in
Lorentz space: qTa Cqb, q
T
a Cγ5qb, q
T
a Cγµqb, q
T
a Cγµγ5qb, q
T
a Cσµνqb, and q
T
a Cσµνγ5qb, where a, b are the color indices.
Since qTa Cσµνγ5qb and q
T
a Cσµνqb carry opposite parity, we consider both operators although they overlap in the
quantum numbers they can probe (see Table I). These six diquark operators are listed in Table I with their spins,
parities, flavor, color and Lorentz structures, which are constrained by fermi statistics. As will be seen below, these
operators play a very important role in the study of the tetraquark states.
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2Tetraquarks (qqq¯q¯) are composed of diquarks and antidiquarks. They are bound by the color force between quarks.
The tetraquarks are generally unstable because they can decay easily into two mesons through kinematically-allowed
fall-apart mechanisms and thus they are expected to be very broad resonances. The low-lying scalar mesons below 1
GeV have been considered as good candidates of the light tetraquark states [46, 47]. In the heavy quark sector, some
of the recently observed quarkoniumlike states were suggested to be candidates for hidden charm/bottom QQ¯qq¯-type
tetraquark states [48–53], where Q denotes a heavy quark (bottom or charm) and q denotes a light quark (up, down,
strange).
qΓq JP States (Flavor, Color)
qTa Cγ5qb 0
+ 1S0 (6f ,6c), (3¯f , 3¯c)
qTa Cqb 0
− 3P0 (6f ,6c), (3¯f , 3¯c)
qTa Cγµγ5qb 1
− 3P1 (6f ,6c), (3¯f , 3¯c)
qTa Cγµqb 1
+ 3S1 (6f , 3¯c), (3¯f ,6c)
qTa Cσµνqb
{
1−, for µ, ν = 1, 2, 3
1+, for µ = 0, ν = 1, 2, 3
1P1
3S1
(6f , 3¯c), (3¯f ,6c)
qTa Cσµνγ5qb
{
1+, for µ, ν = 1, 2, 3
1−, for µ = 0, ν = 1, 2, 3
3S1
1P1
(6f , 3¯c), (3¯f ,6c)
TABLE I: Properties of the diquark operators.
Another possibility for heavy tetraquarks are the doubly charmed/bottomed QQq¯q¯-type states. This color-singlet
four-quark configuration is also allowed in QCD. When the heavy quark QQ pair is spatially close, it would act as a
pointlike antiheavy quark color source Q¯ and pick up two light antiquarks q¯q¯ to form the bound state QQq¯q¯. Such a
doubly charmed/bottomed tetraquark system is the QCD analogue of the hydrogen molecule in QED, in which two
electrons are shared by two protons. The existence and stability of the doubly charmed/bottomed tetraquark systems
have been studied in many different models, such as the MIT bag model [54], QCD sum rules[55–58], chiral quark
model[59–61], constituent quark model [62–66], chiral perturbation theory [67] and some other methods [68–76].
In the past decade many unexpected mesons, the so called XY Z states, were discovered at B-factories. These states
contain a heavy quark-antiquark pair and are above the open-charm/bottom threshold. To date, there are 15 neutral
and 5 charged states in the charmonium sector while one neutral and two charged states in the bottomonium sector
[77]. Some of these states are surprisingly narrow. Some are even charged. Many of these states do not fit in the
conventional quark model and are considered as candidates for exotic states. The underlying structure of these newly
observed XYZ states inspired the extensive study of the hadron spectrum. Many theoretical speculations have been
proposed to interpret these new resonances, such as molecular states, quarkoniumlike tetraquark states, quarkonium
hybrids and conventional quarkonium states. To understand the nature of these XY Z states, further theoretical
investigations of the exotic hadron spectrum are still needed.
We organize this review as follows. In Sec. II, we briefly introduce the general procedure of QCD sum rules, including
the two-point correlation functions, the operator product expansion, the Borel transform, quark-hadron duality and
the mass sum rules. In Sec. III, we give the interpolating currents of the quarkoniumlike tetraquark systems, the
doubly charmed/bottomonium tetraquark systems and the quarkonium hybrid systems. The correlation functions
and spectral densities are calculated using these currents. We perform QCD sum rule analysis of all three hadron
systems and extract the masses of the lowest lying states. In the last section we summarize our results and comment
on their implications for heavy quarkonium spectroscopy.
II. QCD SUM RULES
QCD sum rules provide a very powerful nonperturbative method for studying hadron structures [78–81]. IN addition
to the operator product expansion, a key idea of the method is quark-hadron duality: the equivalence of (integrated)
correlation functions at both the hadronic level and the quark-gluonic level.
3A. Two-point correlation function
In general, the two-point correlation function for a scalar or pseudoscalar operator is defined as
Π(q) = i
∫
d4xeiq·x〈0|T [J(x)J†(0)]|0〉, (1)
where J(x) is an interpolating current that can couple to a scalar or pseudoscalar resonance and T denotes the time-
ordered product. For a vector or axial-vector interpolating current Jµ(x), the corresponding two-point correlation
function reads
Πµν(q) = i
∫
d4xeiq·x〈0|T [Jµ(x)J
†
ν (0)]|0〉
= ηµνΠ1(q
2) +
qµqν
q2
Π0(q
2),
(2)
in which ηµν = qµqν/q
2 − gµν is the tensor structure of the spin-1 invariant function Π1(q
2). The spin-0 invariant
function Π0(q
2) also appears in Eq. (2) when Jµ(x) is not a conserved vector current. We will introduce the choice of
the interpolating currents that couple to the heavy tetraquarks and quarkonium hybrids in the next section.
At the hadronic level, the invariant function Π(q2) can be expressed in the form of the dispersion relation with its
imaginary part
Π(q2) =
(q2)N
π
∫
ImΠ(s)
sN (s− q2 − iǫ)
ds+
N−1∑
n=0
bn(q
2)n, (3)
in which bn are the N unknown subtraction constants which can be removed by taking the Borel transform. With a
narrow resonance approximation, the imaginary part of the correlation function is obtained by inserting intermediate
states |n〉 for the hadron we want to study. The imaginary part can be written as a sum over δ functions,
ImΠ(s) = π
∑
n
δ(s−m2n)〈0|J |n〉〈n|J
†|0〉, (4)
in which the intermediate states |n〉 carry the same quantum numbers as the interpolating current J(x). The correla-
tion function Π(q2) contains the contributions from all resonances that can couple to J(x), including the lowest lying
ground state and the excited higher states. In QCD sum rules, one usually parametrizes the spectral function ρ(s)
with a pole plus continuum approximation,
ρ(s) =
1
π
ImΠ(s) = f2Xδ(s−m
2
X) + continuum, (5)
where mX is the mass of the lowest lying resonance |X〉 and fX is the coupling parameter of the current J(x) with
|X〉. For a scalar or pseudoscalar current J(x) and vector or axial-vector current Jµ(x), we have
〈0|J |X〉 = fX , (6)
〈0|Jµ|X〉 = fXǫµ, (7)
where ǫµ is the polarization vector (ǫ · q = 0).
B. Operator product expansion
The two-point correlation function can also be calculated at the quark-gluonic level via the operator product
expansion (OPE) [82]:
Π(q) = i
∫
d4xeiq·x〈0|T [J(x)J†(0)]|0〉 =
∑
n
Cn(Q
2)On , Q
2 = −q2 , (8)
where Cn(Q
2) are the Wilson coefficients and On are the vacuum expectation values of the local gauge invariant oper-
ators constructed from the quark and gluon fields. The Wilson coefficients Cn(Q
2) can be calculated in perturbation
theory and expressed in terms of the QCD parameters such as the quark mass and the strong coupling constant αs.
4The long distance nonperturbative effects are included in the various condensates On, which are ordered by increasing
dimension in the expansion. Except for the unit operator I, the QCD vacuum condensates up to dimension-eight
include: the quark condensate 〈q¯q〉, gluon condensate 〈g2sGG〉, quark-gluon mixed condensate 〈q¯gsσ · Gq〉, tri-gluon
condensate 〈g3sfGGG〉, four quark condensate 〈q¯q〉
2, and condensate 〈q¯q〉〈q¯gsσ ·Gq〉.
To calculate the correlation function Π(q), we need the full quark propagator including quark and gluon condensates
[79, 83]
iSabq (x) =
iδab
2π2x4
xˆ+
i
32π2
λnab
2
gsG
n
µν
1
x2
(σµν xˆ+ xˆσµν)−
δab
12
〈q¯q〉+
δabx2
192
〈q¯Gq〉 −
mqδ
ab
4π2x2
+
iδabmq〈q¯q〉
48
xˆ−
imq〈q¯Gq〉δ
abx2xˆ
1152
, (9)
iSabQ (p) =
iδab
pˆ−mQ
+
i
4
gs
λnab
2
Gnµν
σµν (pˆ+mQ) + (pˆ+mQ)σ
µν
(p2 −m2Q)
2
+
iδab
12
〈g2sGG〉mQ
p2 +mQpˆ
(p2 −m2Q)
4
, (10)
in which q represents u, d or s quarks and Q represents c or b quarks. The superscripts a, b are the color indices and
xˆ = γµx
µ, pˆ = γµp
µ. One notes that for the light quarks, we use the propagator in coordinate space. For heavy
quarks, the momentum space expression is sometimes more convenient.
C. Mass sum rules
The fundamental assumption in the QCD sum rules is quark-hadron duality, which matches the two descriptions
of the correlation function at both the hadronic level and quark-gluon level. To pick out the lowest lying resonance
of interest, one defines the Borel transform,
B
[
Π(q2)
]
= lim
−q2,n→∞
−q2/n≡M2
B
1
n!
(−q2)n+1
(
d
dq2
)n
Π(q2), (11)
where the Borel mass M2B ≡ −q
2/n is introduced instead of q2. Performing the Borel transform of the dispersion
relation in Eq. (3), we can remove the unknown subtraction terms and suppress the contributions from the excited
states and continuum. On the OPE side, the Borel transform can improve the convergence of the OPE series by
suppressing the contribution from the high dimension condensates.
To establish the mass sum rules, we perform the Borel transform of the correlation function Π(q2) obtained at both
levels
f2Xm
2k
X e
−m2X/M
2
B =
∫ s0
4m2Q
dse−s/M
2
Bρ(s)sk = Lk
(
s0,M
2
B
)
, (12)
where s0 is the continuum threshold. On the left hand of Eq. (12), we have used the spectral function defined in
Eq. (5). The lowest lying hadron mass is then extracted as,
mX
(
s0,M
2
B
)
=
√
L1 (s0,M2B)
L0 (s0,M2B)
. (13)
The continuum threshold s0 and Borel mass MB are the two most important parameters in a QCD sum rule
analysis. The stability of QCD sum rules requires a suitable working region. To obtain the Borel window, one should
study the OPE convergence and the pole contribution. The criterion of OPE convergence determines a lower bound
on M2B while the constraint of the pole contribution leads to its upper bound. The pole contribution (PC) is defined
as
PC(s0,M
2
B) =
L0
(
s0,M
2
B
)
L0 (∞,M2B)
, (14)
which is a function of s0 and MB. This definition comes from the sum rules established in Eq. (12) and indicates the
contribution of the lowest lying resonance to the correlation function. For the continuum threshold s0, an optimized
choice is the value minimizing the variation of the extracted hadron mass mX with the Borel mass M
2
B.
5D. Input parameters
So far, we have introduced the sum rules in Eq. (12) and extracted the mass of the lowest lying ground hadron
state in Eq. (13). They are expressed as functions of the quark masses, strong coupling αs, various QCD condensates,
continuum threshold s0 and Borel mass MB. To perform a numerical analysis, we adopt the following values of these
parameters: [2, 79, 84–87]:
mq = mu = md = 0,
ms(2GeV) = (101
+29
−21) MeV ,
mc(µ = mc) = mc = (1.23± 0.09) GeV ,
mb(µ = mb) = mb = (4.20± 0.07) GeV ,
〈q¯q〉 = −(0.23± 0.03)3 GeV3 ,
〈q¯gsσ ·Gq〉 = −M
2
0 〈q¯q〉 ,
M20 = (0.8± 0.2) GeV
2 ,
〈s¯s〉/〈q¯q〉 = 0.8± 0.2 ,
〈g2sGG〉 = (0.48− 0.94)GeV
4 ,
〈g3sfGGG〉 = −(8.2± 1.0) GeV
2〈αsGG〉,
〈g4sjj〉 = −
4
3
g4s〈q¯q〉
2, (15)
in which we keep mu = md = 0 in the chiral limit. The charm and bottom quark masses are the running masses in
the MS scheme. One should be very cautious about the extra minus sign in the values 〈q¯gsσ · Gq〉 and 〈g
3
sfGGG〉,
which comes from our convention for the covariant derivative and strong coupling constant gs.
For the conventional meson sum rules, the quark condensate 〈q¯q〉 and gluon condensate 〈g2sGG〉 are the dominant
nonperturbative contributions to the correlation functions and the contributions of the higher dimension condensates
are usually suppressed. However, the situations are different for the exotic hadrons, such as the molecular and
tetraquark states. In these systems, the quark-gluon mixed condensate 〈q¯gsσ ·Gq〉, four-quark condensate 〈q¯qq¯q〉, and
even the dimension-8 condensate 〈q¯qq¯gsσ ·Gq〉 will play very important roles. The values of the four-quark condensate
and the dimension-8 condensate are estimated using the vacuum factorization assumption [88, 89]
〈q¯qq¯q〉 ∼ 〈q¯q〉2, 〈q¯qq¯gsσ ·Gq〉 ∼ 〈q¯q〉〈q¯gsσ ·Gq〉. (16)
For the hybrid charmonium and bottomonium analyses, the correlation functions and the spectral densities are
evaluated up to dimension six tri-gluon condensate 〈g3sfGGG〉 at the leading order of αs. The tri-gluon condensate
〈g3sfGGG〉 was found to stabilize the mass sum rules in these systems [34–38]. The strong coupling is then determined
at the scale µ appropriate to the system by the evolution from the τ and Z masses, respectively:
αs(µ) =
αs(Mτ )
1 + 25αs(Mτ )12pi log(
µ2
M2τ
)
, αs(Mτ ) = 0.33; (17)
αs(µ) =
αs(MZ)
1 + 23αs(MZ)12pi log(
µ2
M2Z
)
, αs(MZ) = 0.118, (18)
in which the τ and Z masses, αs(Mτ ) and αs(MZ) are from the Particle Data Group [2].
III. CONSTRUCTION OF THE INTERPOLATING CURRENTS
In general, there are two types of constructions of the four-quark interpolating currents: tetraquark-type (qq)(q¯q¯)
and molecular-type (q¯q)(q¯q). However, these two constructions are equivalent by using Fierz transformations [90,
91]. In this section, we construct all heavy tetraquark-type (qQ)(q¯Q¯) and (QQ)(q¯q¯) interpolating currents. These
currents have definite quantum numbers, flavor and color structures. We will also introduce the quarkonium hybrid
interpolating currents with various quantum numbers.
6A. Hidden charm/bottom tetraquark QqQ¯q¯ interpolating currents
To construct the diquark-antidiquark type of tetraquark currents, we consider the six diquark fields and the corre-
sponding antidiquark fields as introduced in Table I and compose a six-order matrix O. The elements of O are the
tetraquark operators, which are composed by multiplying a diquark and an antidiquark pair. The spins and parities
of the matrix elements with J ≤ 1 are listed in Table II.
Operators q¯aγ5CQ¯
T
b q¯aCQ¯
T
b q¯aγµγ5CQ¯
T
b q¯aγµCQ¯
T
b q¯aσµνCQ¯
T
b q¯aσµνγ5CQ¯
T
b
JP 0+ 0− 1− 1+ 1− 1+
qTa Cγ5Qb 0
+ 0+ 0− 1− 1+ − −
qTa CQb 0
− 0− 0+ 1+ 1− − −
qTa Cγµγ5Qb 1
− 1− 1+ 0+ 0− 1+ 1−
qTa CγµQb 1
+ 1+ 1− 0− 0+ 1− 1+
qTa CσµνQb 1
− − − 1+ 1− 0+ 0−
qTa Cσµνγ5Qb 1
+ − − 1− 1+ − −
TABLE II: The spins and parities of the elements of the matrix O.
For this operator matrix O, its charge-conjugation partner equals to the transpose matrix OT ,
COijC
−1 = Oji. (19)
One notes that the operator O66 is equivalent to O55 while O65 is equivalent to O56, including their spins and
parities. Thus we do not use O66 and O65 in the construction of the currents. To compose a color singlet tetraquark
current, the color structure of the tetraquark is either 6⊗ 6¯ or 3¯⊗ 3, which is denoted by 6 and 3 respectively. With
the relation in Eq. (19), we can define the symmetric matrix S and antisymmetric matrix A,
S6 = O6 +O
T
6
, S3 = O3 +O
T
3
, (20)
A6 = O6 −O
T
6 , A3 = O3 −O
T
3 , (21)
in which S6, A6 have symmetric color structures and S3, A3 have antisymmetric color structures. It is easy to check
that the tetraquark elements of S have even C-parities and the elements of A have odd C-parities. Aii = 0 indicates
that the JPC = 0+− tetraquark currents without derivatives do not exist [91]. However, one can construct the
tetraquark currents with such quantum numbers by using a covariant derivative [53].
Finally, we can obtain the tetraquark interpolating currents with JPC = 0−+, 0−−, 1−+, 1−−, 1++ and 1+− from
the matrices S6, A6, S3 and A3:
• The interpolating currents with JPC = 0−+ and 0−− are:
J1 = S
6
21(A
6
21) = q
T
a CQb(q¯aγ5CQ¯
T
b + q¯bγ5CQ¯
T
a )± q
T
a Cγ5Qb(q¯aCQ¯
T
b + q¯bCQ¯
T
a ) ,
J2 = O
3
56 = q
T
a CσµνQb(q¯aσ
µνγ5CQ¯
T
b − q¯bσ
µνγ5CQ¯
T
a ) ,
J3 = S
6
43(A
6
43) = q
T
a CγµQb(q¯aγ
µγ5CQ¯
T
b + q¯bγ
µγ5CQ¯
T
a )± q
T
a Cγµγ5Qb(q¯aγ
µCQ¯Tb + q¯bγ
µCQ¯Ta ) ,
J4 = S
3
43(A
3
43) = q
T
a CγµQb(q¯aγ
µγ5CQ¯
T
b − q¯bγ
µγ5CQ¯
T
a )± q
T
a Cγµγ5Qb(q¯aγ
µCQ¯Tb − q¯bγ
µCQ¯Ta ) ,
J5 = S
3
21(A
3
21) = q
T
a CQb(q¯aγ5CQ¯
T
b − q¯bγ5CQ¯
T
a )± q
T
a Cγ5Qb(q¯aCQ¯
T
b − q¯bCQ¯
T
a ) ,
J6 = O
6
56 = q
T
a CσµνQb(q¯aσ
µνγ5CQ¯
T
b + q¯bσ
µνγ5CQ¯
T
a ) , (22)
where “S” and “+” in J1, J3, J4, J5 correspond to J
PC = 0−+, “A” and “−” correspond to JPC = 0−−. J2, J6
couple to the states with JPC = 0−+.
7• The interpolating currents with JPC = 1−+ and 1−− are:
J1µ = S
6
13(A
6
13) = q
T
a Cγ5Qb(q¯aγµγ5CQ¯
T
b + q¯bγµγ5CQ¯
T
a )± q
T
a Cγµγ5Qb(q¯aγ5CQ¯
T
b + q¯bγ5CQ¯
T
a ) ,
J2µ = S
3
45(A
3
45) = q
T
a Cγ
νQb(q¯aσµνCQ¯
T
b − q¯bσµνCQ¯
T
a )± q
T
a CσµνQb(q¯aγ
νCQ¯Tb − q¯bγ
νCQ¯Ta ) ,
J3µ = S
3
13(A
3
13) = q
T
a Cγ5Qb(q¯aγµγ5CQ¯
T
b − q¯bγµγ5CQ¯
T
a )± q
T
a Cγµγ5Qb(q¯aγ5CQ¯
T
b − q¯bγ5CQ¯
T
a ) ,
J4µ = S
6
45(A
6
45) = q
T
a Cγ
νQb(q¯aσµνCQ¯
T
b + q¯bσµνCQ¯
T
a )± q
T
a CσµνQb(q¯aγ
νCQ¯Tb + q¯bγ
νCQ¯Ta ) ,
J5µ = S
6
24(A
6
24) = q
T
a CQb(q¯aγµCQ¯
T
b + q¯bγµCQ¯
T
a )± q
T
a CγµQb(q¯aCQ¯
T
b + q¯bCQ¯
T
a ) ,
J6µ = S
6
36(A
6
36) = q
T
a Cγ
νγ5Qb(q¯aσµνγ5CQ¯
T
b + q¯bσµνγ5CQ¯
T
a )± q
T
a Cσµνγ5Qb(q¯aγ
νγ5CQ¯
T
b + q¯bγ
νγ5CQ¯
T
a ) ,
J7µ = S
3
24(A
3
24) = q
T
a CQb(q¯aγµCQ¯
T
b − q¯bγµCQ¯
T
a )± q
T
a CγµQb(q¯aCQ¯
T
b − q¯bCQ¯
T
a ) ,
J8µ = S
3
36(A
3
36) = q
T
a Cγ
νγ5Qb(q¯aσµνγ5CQ¯
T
b − q¯bσµνγ5CQ¯
T
a )± q
T
a Cσµνγ5Qb(q¯aγ
νγ5CQ¯
T
b − q¯bγ
νγ5CQ¯
T
a ) ,(23)
where “S” and “+” correspond to JPC = 1−+, “A” and “−” correspond to JPC = 1−−.
• The interpolating currents with JPC = 1++ and 1+− are:
J1µ = S
6
23(A
6
23) = q
T
a CQb(q¯aγµγ5CQ¯
T
b + q¯bγµγ5CQ¯
T
a )± q
T
a Cγµγ5Qb(q¯aCQ¯
T
b + q¯bCQ¯
T
a ) ,
J2µ = S
3
23(A
3
23) = q
T
a CQb(q¯aγµγ5CQ¯
T
b − q¯bγµγ5CQ¯
T
a )± q
T
a Cγµγ5Qb(q¯aCQ¯
T
b − q¯bCQ¯
T
a ) ,
J3µ = S
6
14(A
6
14) = q
T
a Cγ5Qb(q¯aγµCQ¯
T
b + q¯bγµCQ¯
T
a )± q
T
a CγµQb(q¯aγ5CQ¯
T
b + q¯bγ5CQ¯
T
a ) ,
J4µ = S
3
14(A
3
14) = q
T
a Cγ5Qb(q¯aγµCQ¯
T
b − q¯bγµCQ¯
T
a )± q
T
a CγµQb(q¯aγ5CQ¯
T
b − q¯bγ5CQ¯
T
a ) ,
J5µ = S
6
46(A
6
46) = q
T
a Cγ
νQb(q¯aσµνγ5CQ¯
T
b + q¯bσµνγ5CQ¯
T
a )± q
T
a Cσµνγ5Qb(q¯aγ
νCQ¯Tb + q¯bγ
νCQ¯Ta ) ,
J6µ = S
3
46(A
3
46) = q
T
a Cγ
νQb(q¯aσµνγ5CQ¯
T
b − q¯bσµνγ5CQ¯
T
a )± q
T
a Cσµνγ5Qb(q¯aγ
νCQ¯Tb − q¯bγ
νCQ¯Ta ) ,
J7µ = S
6
35(A
6
35) = q
T
a Cγ
νγ5Qb(q¯aσµνCQ¯
T
b + q¯bσµνCQ¯
T
a )± q
T
a CσµνQb(q¯aγ
νγ5CQ¯
T
b + q¯bγ
νγ5CQ¯
T
a ) ,
J8µ = S
3
35(A
3
35) = q
T
a Cγ
νγ5Qb(q¯aσµνCQ¯
T
b − q¯bσµνCQ¯
T
a )± q
T
a CσµνQb(q¯aγ
νγ5CQ¯
T
b − q¯bγ
νγ5CQ¯
T
a ) , (24)
where “S” and “+” correspond to JPC = 1++, “A” and “−” correspond to JPC = 1+−.
All the currents in Eqs. (22)–(24) should contain both the ucu¯c¯ and dcd¯c¯ parts to have the definite isospin and
G-parity. However, we do not differentiate the up and down quarks in our analysis due to the SU(2) flavor symmetry
and denote them by q. Using these currents, we calculate the correlation functions and the spectral densities up
to dimension eight. One can find the results of the spectral densities in Refs. [51, 52]. From these expressions, the
nonperturbative terms include the quark condensate 〈q¯q〉, quark-gluon mixed condensate 〈q¯gsσ ·Gq〉, gluon condensate
〈g2sGG〉, four-quark condensate 〈q¯q〉
2 and dimension-8 condensate 〈q¯q〉〈q¯gsσ·Gq〉. The tri-gluon condensate 〈g
3
sfGGG〉
is heavily suppressed in the heavy tetraquark systems and can be neglected [52]. To study the sQs¯Q¯ systems, we
keep the ms dependent terms in the spectral densities.
B. Doubly charmed/bottomed tetraquark QQq¯q¯ interpolating currents
For the QQq¯q¯ systems, the heavy quark pair QQ has the symmetric flavor structure 6f . According to Table I, its
color structure is determined at the same time. To compose a color singlet tetraquark operator, the heavy quark pair
should be multiplied by a light antiquark pair q¯q¯ with the same color structure. Considering the Pauli principle, we
can obtain the following QQq¯q¯ currents with JP = 0−, 0+, 1− and 1+:
• For the currents with JP = 0−,
η1 = Q
T
aCQb(q¯aγ5Cq¯
T
b + q¯bγ5Cq¯
T
a ),
η2 = Q
T
aCγ5Qb(q¯aCq¯
T
b + q¯bCq¯
T
a ),
η3 = Q
T
aCσµνQb(q¯aσ
µνγ5Cq¯
T
b − q¯bσ
µνγ5Cq¯
T
a ),
η4 = Q
T
aCγµQb(q¯aγ
µγ5Cq¯
T
b − q¯bγ
µγ5Cq¯
T
a ),
η5 = Q
T
aCγµγ5Qb(q¯aγ
µCq¯Tb + q¯bγ
µCq¯Ta ),
(25)
in which η1, η2, η3 are isovector currents with [6¯f ]q¯q¯ and I = 1, η4, η5 are isoscalar currents with [3f ]q¯q¯ and I = 0.
8• For the currents with JP = 0+,
η1 = Q
T
aCQb(q¯aCq¯
T
b + q¯bCq¯
T
b ),
η2 = Q
T
aCγ5Qb(q¯aγ5Cq¯
T
b + q¯bγ5Cq¯
T
b ),
η3 = Q
T
aCγµQb(q¯aγ
µCq¯Tb − q¯bγ
µCq¯Tb ),
η4 = Q
T
aCγµγ5Qb(q¯aγ
µγ5Cq¯
T
b + q¯bγ
µγ5Cq¯
T
b ),
η5 = Q
T
aCσµνQb(q¯aσ
µνCq¯Tb − q¯bσ
µνCq¯Ta ),
(26)
and all the scalar interpolating currents are isovector currents with [6¯f ]q¯q¯ and I = 1.
• For the currents with JP = 1−,
η1 = Q
T
aCγµγ5Qb(q¯aγ5Cq¯
T
b + q¯bγ5Cq¯
T
a ),
η2 = Q
T
aCγ5Qb(q¯aγµγ5Cq¯
T
b + q¯bγµγ5Cq¯
T
a ),
η3 = Q
T
aCσµνQb(q¯aγ
νCq¯Tb − q¯bγ
νCq¯Ta ),
η4 = Q
T
aCγ
νQb(q¯aσµνCq¯
T
b − q¯bσµνCq¯
T
a ),
η5 = Q
T
aCγµQb(q¯aCq¯
T
b − q¯bCq¯
T
a ),
η6 = Q
T
aCQb(q¯aγµCq¯
T
b + q¯bγµCq¯
T
a ),
η7 = Q
T
aCσµνγ5Qb(q¯aγ
νγ5Cq¯
T
b − q¯bγ
νγ5Cq¯
T
a ),
η8 = Q
T
aCγ
νγ5Qb(q¯aσµνγ5Cq¯
T
b + q¯bσµνγ5Cq¯
T
a ),
(27)
in which η1, η2, η3, η4 are isovector currents with [6¯f ]q¯q¯ and I = 1, η5, η6, η7, η8 are isoscalar currents with [3f ]q¯q¯
and I = 0.
• For the currents with JP = 1+,
η1 = Q
T
aCγµγ5Qb(q¯aCq¯
T
b + q¯bCq¯
T
a ),
η2 = Q
T
aCQb(q¯aγµγ5Cq¯
T
b + q¯bγµγ5Cq¯
T
a ),
η3 = Q
T
aCσµνγ5Qb(q¯aγ
νCq¯Tb − q¯bγ
νCq¯Ta ),
η4 = Q
T
aCγ
νQb(q¯aσµνγ5Cq¯
T
b − q¯bσµνγ5Cq¯
T
a ),
η5 = Q
T
aCγµQb(q¯aγ5Cq¯
T
b − q¯bγ5Cq¯
T
a ),
η6 = Q
T
aCγ5Qb(q¯aγµCq¯
T
b + q¯bγµCq¯
T
a ),
η7 = Q
T
aCσµνQb(q¯aγ
νγ5Cq¯
T
b − q¯bγ
νγ5Cq¯
T
a ),
η8 = Q
T
aCγ
νγ5Qb(q¯aσµνCq¯
T
b + q¯bσµνCq¯
T
a ),
(28)
in which η1, η2, η3, η4 are isovector currents with [6¯f ]q¯q¯ and I = 1, η5, η6, η7, η8 are isoscalar currents with [3f ]q¯q¯
and I = 0.
In fact, the two pieces in the parenthesis of Eqs. (25)–(28) are equivalent to each other. We keep both of them here
to illustrate the color symmetry explicitly. For these currents, we show their quark contents, spins, parities, isospins
and the flavor symmetries of the light quark pair in Table III. The results of the spectral densities for these doubly
charmed/bottomed tetraquark currents can be found in Ref. [55].
Quark Content [q¯q¯]f I J
P = 0− JP = 0+ JP = 1− JP = 1+
QQq¯q¯ 6¯f 1 η1, η2, η3 η1, η2, η3, η4, η5 η1, η2, η3, η4 η1, η2, η3, η4
QQs¯s¯ 6¯f 0 η1, η2, η3 η1, η2, η3, η4, η5 η1, η2, η3, η4 η1, η2, η3, η4
QQq¯s¯ 6¯f 1/2 η1, η2, η3, η1, η2, η3, η4, η5 η1, η2, η3, η4, η1, η2, η3, η4,
3f η4, η5 η5, η6, η7, η8 η5, η6, η7, η8
QQu¯d¯ 3f 0 η4, η5 − η5, η6, η7, η8 η5, η6, η7, η8
TABLE III: Properties of the doubly charmed/bottomed tetraquark currents.
9C. Open-flavor tetraquark bcq¯q¯ and qcq¯b¯ interpolating currents
In Ref. [56], the open-flavor tetraquark bcq¯q¯ and qcq¯b¯ interpolating currents with quantum numbers JP = 0+, 1+
were constructed as follows.
• For the scalar bcq¯q¯ system with JP = 0+:
J1 = b
T
aCγ5cb(q¯aγ5Cq¯
T
b + q¯bγ5Cq¯
T
a ),
J2 = b
T
aCγµcb(q¯aγ
µCq¯Tb + q¯bγ
µCq¯Ta ),
J3 = b
T
aCγ5cb(q¯aγ5Cq¯
T
b − q¯bγ5Cq¯
T
a ),
J4 = b
T
aCγµcb(q¯aγ
µCq¯Tb − q¯bγ
µCq¯Ta ),
(29)
where J1, J2 have the symmetric color structure [6c]bc⊗ [6¯c]q¯q¯ and J3, J4 have the antisymmetric color structure
[3¯c]bc ⊗ [3c]q¯q¯.
• For the vector bcq¯q¯ system with JP = 1+:
J1µ = b
T
aCγ5cb(q¯aγµCq¯
T
b + q¯bγµCq¯
T
a ),
J2µ = b
T
aCγµcb(q¯aγ5Cq¯
T
b + q¯bγ5Cq¯
T
a ),
J3µ = b
T
aCγ5cb(q¯aγµCq¯
T
b − q¯bγµCq¯
T
a ),
J4µ = b
T
aCγµcb(q¯aγ5Cq¯
T
b − q¯bγ5Cq¯
T
a ),
(30)
where J1µ, J2µ have the symmetric color structure [6c]bc ⊗ [6¯c]q¯q¯ and J3µ, J4µ have the antisymmetric color
structure [3¯c]bc ⊗ [3c]q¯q¯.
• For the scalar cqb¯q¯ system with JP = 0+:
J1 = q
T
a Cγ5cb(q¯aγ5Cb¯
T
b + q¯bγ5Cb¯
T
a ),
J2 = q
T
a Cγµcb(q¯aγ
µCb¯Tb + q¯bγ
µCb¯Ta ),
J3 = q
T
a Cγ5cb(q¯aγ5Cb¯
T
b − q¯bγ5Cb¯
T
a ),
J4 = q
T
a Cγµcb(q¯aγ
µCb¯Tb − q¯bγ
µCb¯Ta ),
(31)
where J1, J2 have the symmetric color structure [6c]qc⊗ [6¯c]q¯b¯ and J3, J4 have the antisymmetric color structure
[3¯c]qc ⊗ [3c]q¯b¯.
• For the vector cqb¯q¯ system with JP = 1+:
J1µ = q
T
a Cγ5cb(q¯aγµCb¯
T
b + q¯bγµCb¯
T
a ),
J2µ = q
T
a Cγµcb(q¯aγ5Cb¯
T
b + q¯bγ5Cb¯
T
a ),
J3µ = q
T
a Cγ5cb(q¯aγµCb¯
T
b − q¯bγµCb¯
T
a ),
J4µ = q
T
a Cγµcb(q¯aγ5Cb¯
T
b − q¯bγ5Cb¯
T
a ),
(32)
where J1µ, J2µ have the symmetric color structure [6c]qc ⊗ [6¯c]q¯b¯ and J3µ, J4µ have the antisymmetric color
structure [3¯c]qc ⊗ [3c]q¯b¯.
The csb¯s¯ tetraquark currents with JP = 0+, 1+ are the same as the cqb¯q¯ currents in Eqs. (31) and (32) respectively,
by replacing the light quark q by the strange quark s. For the bcs¯s¯ systems, the flavor structure of s¯s¯ pair is symmetric.
Thus the color structures for the diquark fields sTaCγ5sb and s
T
aCγµsb are symmetric 6c and antisymmetric 3¯c,
respectively. As a result, only J1, J4 in Eq. (29) and J2µ, J3µ in Eq. (30) survive in the bcs¯s¯ system. The spectral
densities for these open-flavor tetraquark currents were calculated and listed in Ref. [56].
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D. Quarkonium hybrid Q¯GQ interpolating currents
The quarkonium hybrids were originally studied in Refs. [30–32] in the QCD sum rules method. However, it was
shown that only the hybrid channels with JPC = 0−−, 0++, 1+−, 1++, 2++ gave stable mass sum rules while the sum
rules in the JPC = 0−+, 0+−, 1−+, 1−−, 2−+ channels were unstable. Recently, new efforts on the quarkonium hybrid
mesons have found that the dimension six tri-gluon condensate can stabilize the hybrid sum rules [34–38].
To study the hybrid correlation functions, we consider the following interpolating currents with various quantum
numbers:
J (1)µ = gsQ¯1
λa
2
γνGaµνQ2, J
P (C) = 1−(+), 0+(+),
J (2)µ = gsQ¯1
λa
2
γνγ5G
a
µνQ2, J
P (C) = 1+(−), 0−(−), (33)
J (3)µν = gsQ¯1
λa
2
σαµγ5G
a
ανQ2, J
P (C) = 2−(+), 1+(+), 1−(+), 0−(+) ,
in which Q1 and Q2 are the heavy quark fields with masses m1 and m2, gs is the strong coupling constant, λ
a are
the Gell-Mann SU(3) matrices and Gaµν is the gluon field strength. It should be understood that the operators in
Eq. (33) contain the hidden charm/bottom hybrid currents with Q1 = Q2 carrying C-parities in the parentheses
and the open-flavor b¯Gc hybrid currents with Q1 6= Q2 carrying no definite C-parities. By replacing G
a
µν with
G˜aµν =
1
2ǫµναβG
αβ,a, one can also obtain the operators J˜
(1)
µ , J˜
(2)
µ , J˜
(3)
µν coupling to the hybrid states with the opposite
parities to J
(1)
µ , J
(2)
µ , J
(3)
µν respectively. The correlation functions and spectral densities are calculated up to dimension
six tri-gluon condensate at leading order in αs. We will discuss the importance of the tri-gluon condensate in the next
section. The results of the spectral densities are listed in Refs. [37, 38].
IV. MASS SPECTRUM OF THE QUARKONIUMLIKE TETRAQUARK qQq¯Q¯ STATES
The QCD sum rule study of the qQq¯Q¯ systems was performed in Refs. [51, 52], using the interpolating currents
in Eqs. (22)–(24). As introduced in Sec. I, the charmoniumlike tetraquark states are good candidates for some
newly observed XY Z resonances. For example, the Y (4660) meson was first observed by Belle in the e+e− →
γISRY (4660) → γISRψ(2S)π
+π− process [92]. Since it was observed in the initial state radiation (ISR) process, its
quantum number is JPC = 1−−. The tetraquark interpolating current for such quantum numbers is given in Eq. (23).
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FIG. 1: OPE convergence for J1µ with J
PC = 1−− in the qcq¯c¯ systems.
For the qcq¯c¯ currents J1µ with J
PC = 1−− in Eq. (23), we show the convergence of the OPE series in Fig. 1. We see
that the four-quark condensate 〈q¯q〉2 is the most important nonperturbative contribution to the correlation function.
In fact, the quark condensate 〈q¯q〉 is proportional to the light quark mass and vanishes in the limit mq = 0. The
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OPE convergence is very good in the region M2B ≥ 2.9 GeV
2. To study the pole contribution defined in Eq. (14),
one should determine the continuum threshold s0. In the left portion of Fig. 2, the hadron mass mX is extracted as
a function of s0. One can find a plateau in the region 10 GeV
2 ≤ s0 ≤ 14 GeV
2. However, this is a non-physical
artifact because the spectral density of the sum rules defined in Eq. (12) is negative in this region. The variation of
mX with the Borel mass M
2
B is weak around s0 = 25 GeV
2. Using this value of the continuum threshold, we study
the pole contribution and require that PC be larger than 40%, which results in an upper bound of the Borel mass
M2max = 3.6 GeV
2.
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FIG. 2: Variations of mX with s0 and M
2
B for J1µ with J
PC = 1−− in the qcq¯c¯ systems.
In the right portion of Fig. 2, we show the variation of mX with M
2
B for J1µ with J
PC = 1−− in the qcq¯c¯ systems.
The curves are very stable in the Borel window 2.9 GeV2 ≤M2B ≤ 3.6 GeV
2. The hadron mass is then extracted as
mX = (4.64± 0.09)GeV, (34)
which is consistent with the mass of the Y (4660) meson. This result implies a possible tetraquark interpretation of
Y (4660). However, the tetraquark state can decay easily into two meson final states via the rearrangement mechanism
so it is very difficult to explain the small decay width of the Y (4660) meson. The Y (4660) was also considered as a
f0(980)ψ
′ bound state [93], a baryonium state [94], a 5 3S1cc¯ state [95] and a scs¯c¯ tetraquark state [96, 97].
We can study the corresponding scs¯c¯ state by replacing the light quarks in the interpolating current by a strange
quark. The quark condensate 〈s¯s〉 is now proportional to the strange quark mass ms. Its contribution is larger than
the four-quark condensate 〈s¯s〉2 and becomes the dominant power correction for the 1−− scs¯c¯ system. The extracted
mass of this state is [51]:
mXs = (4.92± 0.10)GeV, (35)
which is 0.28 GeV higher than the 1−− qcq¯c¯ state.
Properties of the bottomoniumlike analogues are very similar due to the heavy quark symmetry. Replacing the
charm quark by the bottom quark in the current and repeating the same analysis procedures, we can also extract the
masses of the qbq¯b¯ and sbs¯b¯ tetraquark states with JPC = 1−−. After performing the QCD sum rule analysis for all
the interpolating currents in Eqs. (22)–(24), we obtained the numerical results for JPC = 0−−, 0−+, 1−+, 1−−, 1++
and 1+− tetraquark systems in Tables IV, V, VI, VII, VIII and IX, respectively [51, 52]. Only the errors from the
uncertainty of the threshold values and variation of the Borel parameter are taken into account. Other possible error
sources include the truncation of the OPE series and the uncertainty of the quark masses, condensate values and so on.
We only collect the numerical results from the interpolating currents which lead to stable mass sum rules and reliable
mass predictions in these tables. The tetraquark states with JPC = 0−− and 1−+ are exotic states. They do not
mix with the conventional charmonium and bottomonium states because these quantum numbers are not accessible
to simple qq¯ states.
Currents s0(GeV
2) [M2min, M
2
max](GeV
2) mX(GeV) PC(%)
JPC = 0−− J2 25 2.4− 3.7 4.55± 0.11 46.3
J4 25 2.4− 3.7 4.55± 0.11 45.9
TABLE IV: Numerical results for the qcq¯c¯ tetraquark states with JPC = 0−−.
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Currents s0(GeV
2) [M2min, M
2
max](GeV
2) mX(GeV) PC(%)
J2 27 2.4− 4.1 4.72± 0.10 53.8
JPC = 0−+ J5 25 2.4− 3.7 4.55± 0.11 45.9
J6 27 2.4− 4.2 4.67± 0.10 56.8
TABLE V: Numerical results for the qcq¯c¯ tetraquark states with JPC = 0−+.
Currents s0(GeV
2) [M2min,M
2
max](GeV
2) mX(GeV) PC(%)
J6µ 5.1
2 2.9− 3.9 4.67± 0.10 50.2
qcq¯c¯ system J7µ 5.2
2 2.9− 4.2 4.77± 0.10 47.4
J8µ 4.9
2 2.9− 3.4 4.53± 0.10 46.3
J1µ 5.0
2 2.9− 3.4 4.67± 0.10 44.3
J2µ 5.0
2 2.9− 3.4 4.65± 0.09 45.6
J3µ 4.9
2 2.9− 3.3 4.54± 0.10 44.4
J4µ 5.1
2 2.9− 3.7 4.72± 0.09 44.8
scs¯c¯ system J5µ 5.0
2 2.9− 3.6 4.62± 0.10 42.8
J6µ 5.3
2 2.9− 4.3 4.84± 0.10 47.3
J7µ 5.3
2 2.9− 4.3 4.87± 0.10 46.2
J8µ 5.2
2 2.9− 4.1 4.77± 0.10 44.1
J6µ 11.0
2 7.2− 8.6 10.53± 0.11 44.2
qbq¯b¯ system J7µ 11.0
2 7.2− 8.6 10.53± 0.10 44.1
J8µ 11.0
2 7.2− 8.6 10.49± 0.11 44.7
J4µ 11.0
2 7.2− 8.1 10.62± 0.10 41.2
J5µ 11.0
2 7.2− 8.4 10.56± 0.10 43.8
sbs¯b¯ system J6µ 11.0
2 7.2− 8.3 10.63± 0.10 42.4
J7µ 11.0
2 7.2− 8.3 10.62± 0.09 42.5
J8µ 11.0
2 7.2− 8.3 10.59± 0.10 43.1
TABLE VI: Numerical results for the qcq¯c¯, scs¯c¯, qbq¯b¯ and sbs¯b¯ tetraquark states with JPC = 1−+.
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Currents s0(GeV
2) [M2min,M
2
max](GeV
2) mX(GeV) PC(%)
J1µ 5.0
2 2.9− 3.6 4.64± 0.09 44.1
qcq¯c¯ system J4µ 5.0
2 2.9− 3.6 4.61± 0.10 46.4
J7µ 5.2
2 2.9− 4.1 4.74± 0.10 47.3
J1µ 5.4
2 2.8− 4.5 4.92± 0.10 50.3
J2µ 5.0
2 2.8− 3.5 4.64± 0.09 48.6
scs¯c¯ system J3µ 4.9
2 2.8− 3.4 4.52± 0.10 45.6
J4µ 5.4
2 2.8− 4.5 4.88± 0.10 51.7
J7µ 5.3
2 2.8− 4.3 4.86± 0.10 46.0
J8µ 4.8
2 2.8− 3.1 4.48± 0.10 43.2
qbq¯b¯ system J7µ 11.0
2 7.2− 8.5 10.51± 0.10 45.8
J1µ 11.0
2 7.2− 8.3 10.60± 0.10 47.0
J2µ 11.0
2 7.2− 8.4 10.55± 0.11 43.6
sbs¯b¯ system J3µ 11.0
2 7.2− 8.4 10.55± 0.10 43.7
J4µ 11.0
2 7.2− 8.4 10.53± 0.11 44.3
J7µ 11.0
2 7.2− 8.2 10.62± 0.10 42.0
J8µ 11.0
2 7.2− 8.4 10.53± 0.10 44.1
TABLE VII: Numerical results for the qcq¯c¯, scs¯c¯, qbq¯b¯ and sbs¯b¯ tetraquark states with JPC = 1−−.
Currents s0(GeV
2) [M2min,M
2
max](GeV
2) mX(GeV) PC(%)
qcq¯c¯ system J3µ 4.6
2 3.0− 3.4 4.19± 0.10 47.3
J4µ 4.5
2 3.0− 3.3 4.03± 0.11 46.8
scs¯c¯ system J3µ 4.6
2 3.0− 3.4 4.22± 0.10 45.7
J4µ 4.5
2 3.0− 3.3 4.07± 0.10 44.4
J3µ 10.9
2 8.5− 9.5 10.32± 0.09 47.0
qbq¯b¯ system J4µ 10.8
2 8.5− 9.2 10.22± 0.11 44.6
J7µ 10.7
2 7.8− 8.4 10.14± 0.10 44.8
J8µ 10.7
2 7.8− 8.4 10.14± 0.09 44.8
J3µ 10.9
2 8.5− 9.5 10.34± 0.09 46.1
sbs¯b¯ system J4µ 10.8
2 8.5− 9.1 10.25± 0.10 43.3
J7µ 10.8
2 7.5− 8.6 10.24± 0.11 47.1
J8µ 10.8
2 7.5− 8.6 10.24± 0.10 47.1
TABLE VIII: Numerical results for the qcq¯c¯, scs¯c¯, qbq¯b¯ and sbs¯b¯ tetraquark states with JPC = 1++.
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Currents s0(GeV
2) [M2min,M
2
max](GeV
2) mX(GeV) PC(%)
J3µ 4.6
2 3.0− 3.4 4.16± 0.10 46.2
qcq¯c¯ system J4µ 4.5
2 3.0− 3.3 4.02± 0.09 44.6
J5µ 4.5
2 3.0− 3.4 4.00± 0.11 46.0
J6µ 4.6
2 3.0− 3.4 4.14± 0.09 47.0
J3µ 4.7
2 3.0− 3.6 4.24± 0.10 49.6
scs¯c¯ system J4µ 4.6
2 3.0− 3.5 4.12± 0.11 47.3
J5µ 4.5
2 3.0− 3.3 4.03± 0.11 44.2
J6µ 4.6
2 3.0− 3.4 4.16± 0.11 46.0
J3µ 10.6
2 7.5− 8.5 10.08± 0.10 45.9
qbq¯b¯ system J4µ 10.6
2 7.5− 8.5 10.07± 0.10 46.2
J5µ 10.6
2 7.5− 8.4 10.05± 0.10 45.3
J6µ 10.7
2 7.5− 8.7 10.15± 0.10 47.6
J3µ 10.6
2 7.5− 8.3 10.11± 0.10 43.8
sbs¯b¯ system J4µ 10.6
2 7.5− 8.4 10.10± 0.10 44.1
J5µ 10.6
2 7.5− 8.3 10.08± 0.10 43.7
J6µ 10.7
2 7.5− 8.5 10.18± 0.10 46.5
TABLE IX: Numerical results for the qcq¯c¯, scs¯c¯, qbq¯b¯ and sbs¯b¯ tetraquark states with JPC = 1+−.
The X(3872) is the first observed XY Z state [98] and its quantum number was assigned as JPC = 1++[99]. The
mass and decay mode of X(3872) are very different from that of the 23P1 cc¯ state. To date, the possible interpretations
of X(3872) include the molecular state [100–106], tetraquark state [48–50], cusp [107], hybrid charmonium [108] and
mixed scenarios [109, 110]. In Table VIII, the masses of the 1++ qcq¯c¯ states are mX = 4.0 − 4.2 GeV, in rough
agreement with the mass of the X(3872), considering the uncertainties.
Recently, BESIII collaboration discovered a charged charmoniumlike resonance Zc(4025) in the process e
+e− →
(D∗D¯∗)±π∓ [114]. The quantum numbers of Zc(4025) was I
G(JP ) = 1+(1+) because it was also observed in hcπ
channel. Its neutral partner carries the negative C-parity. Therefore its quantum number is JPC = 1+−. The
extracted masses of the qcq¯c¯ states with JPC = 1+− in Table IX and 1++ in Table VIII are about mX = 4.0 − 4.2
GeV, which supports Zc(4025) as a I
G(JP ) = 1+(1+) tetraquark candidate. The Zc(4025) were also studied as a
D∗D¯∗ molecular state [115–118], a [cu][c¯d¯] tetraquark with the quantum numbers JP = 2+ [119].
V. MASS SPECTRUM OF THE DOUBLY CHARMED/BOTTOMED TETRAQUARK QQq¯q¯ STATES
The interpolating currents of the doubly charmed/bottomed QQq¯q¯ systems are listed in Eqs. (25)–(28). For all the
isovector QQq¯q¯ and isoscalar QQu¯d¯ systems, the dominant power corrections are the four-quark condensate 〈q¯q〉2.
Both the quark condensate and the quark-gluon mixed condensate are proportional to the light quark mass and hence
are chirally suppressed.
In Fig. 3, we show the variations of mX with MB and s0 for the current η3 with (I, J
P ) = (1, 0−) in ccq¯q¯ system.
The mass curves for the different values of the Borel mass intersect at s0 = 23 GeV
2, at which the variation of mX
with M2B is very weak. After studying the OPE convergence and the pole contribution, we obtain the Borel window
2.6 GeV2 ≤ M2B ≤ 3.6 GeV
2 in which the mass curves are very stable, as shown in the left part of Fig. 3. The mass
was extracted around mX = (4.47± 0.12) GeV [55]. The situation is very different from the (I, J
P ) = (1, 0−) in the
ccs¯s¯ systems. The quark condensate 〈s¯s〉 becomes the dominant power correction in these systems by keeping the
ms dependent terms in the spectral densities. To compare with the ccq¯q¯ system, we show the variations of mXs with
M2B and s0 for the current η
s
3 in Fig. 4. The quark condensate and the quark-gluon mixed condensate enhanced the
pole contribution, which resulted in a broader Borel window 2.7 GeV2 ≤ M2B ≤ 4.3 GeV
2. The extracted mass was
mXs = (4.79± 0.17) GeV, which is about 2ms higher than the ccq¯q¯ state [55].
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Current s0 [M
2
Bmin,M
2
Bmax] M
2
B mX PC fX open charm/bottom
(GeV2) (GeV2) (GeV2) (GeV) (%) (GeV5) threshold (GeV)
ccq¯q¯ η1 24 3.0− 3.9 3.4 4.43± 0.12 41.2 0.0674
η3 23 2.6− 3.6 3.1 4.47± 0.12 42.6 0.312 3.872
ccu¯d¯ η4 22 2.7− 3.4 3.0 4.43± 0.13 38.4 0.0870
η5 23 2.5− 3.7 3.2 4.41± 0.14 41.5 0.106
η1 24 2.9− 3.8 3.4 4.45± 0.16 40.1 0.0489
η2 24 2.7− 3.7 3.4 4.68± 0.12 43.1 0.106
ccq¯s¯ η3 26 3.0− 4.4 3.8 4.71± 0.14 40.6 0.245 3.975
η4 25 2.6− 4.1 3.4 4.64± 0.13 44.9 0.136
η5 24 2.6− 4.1 3.4 4.50± 0.16 45.9 0.124
ccs¯s¯ η1 25 2.8− 4.0 3.4 4.46± 0.13 44.3 0.0731 4.081
η3 27 2.7− 4.3 3.4 4.79± 0.17 47.7 0.558
bbq¯q¯ η1 125 7.0− 9.6 8.0 10.6± 0.3 48.6 0.207
η3 120 6.8− 9.4 8.0 10.5± 0.3 43.7 1.60 10.60
bbu¯d¯ η5 115 7.0− 8.1 7.5 10.3± 0.2 36.5 0.367
η1 124 7.2− 9.6 8.5 10.6± 0.2 40.8 0.188
bbq¯s¯ η3 120 7.2− 9.1 8.0 10.6± 0.2 40.2 0.853 10.69
η5 115 7.0− 7.9 7.5 10.4± 0.2 33.8 0.378
bbs¯s¯ η1 125 6.7− 9.6 8.0 10.6± 0.3 47.9 0.286 10.78
η3 120 6.6− 8.9 8.0 10.6± 0.3 38.0 1.74
TABLE X: The numerical results for the doubly-charmed/bottomed QQq¯q¯, QQu¯d¯, QQq¯s¯ and QQs¯s¯ systems with JP = 0−.
Current s0 [M
2
Bmin,M
2
Bmax] M
2
B mX PC fX open charm/bottom
(GeV2) (GeV2) (GeV2) (GeV) (%) (GeV5) threshold (GeV)
ccq¯s¯ η2 22 2.8− 3.6 3.2 4.16± 0.14 39.0 0.0548 3.833
η3 20 2.6− 3.4 3.0 4.02± 0.18 39.3 0.0561
ccs¯s¯ η1 28 3.2− 4.1 3.4 5.05± 0.15 43.3 0.136 3.937
η2 22 2.6− 3.8 3.2 4.27± 0.11 43.2 0.0933
η2 120 7.0− 9.8 8.2 10.3± 0.3 48.2 0.590
bbq¯q¯ η3 115 6.9− 9.0 8.0 10.2± 0.3 40.3 0.539 10.56
η5 115 6.7− 8.8 8.0 10.2± 0.3 39.4 1.10
η3 115 6.5− 8.8 8.0 10.2± 0.3 40.3 0.398
bbq¯s¯ η4 115 5.8− 8.6 7.2 10.2± 0.3 45.6 0.337 10.65
η5 120 6.2− 9.8 8.0 10.3± 0.3 49.3 0.806
η1 130 7.5− 9.8 8.5 11.0± 0.2 41.4 0.391
η2 120 6.4− 9.8 8.0 10.4± 0.3 49.7 0.632
bbs¯s¯ η3 115 6.3− 9.0 8.0 10.2± 0.3 40.5 0.560 10.73
η4 120 6.2− 8.4 8.0 10.4± 0.3 41.9 0.486
η5 115 6.2− 8.8 8.0 10.2± 0.3 38.9 1.14
TABLE XI: Numerical results for the doubly-charmed/bottomed QQq¯q¯, QQu¯d¯, QQq¯s¯ and QQs¯s¯ systems with JP = 0+.
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Current s0 [M
2
Bmin,M
2
Bmax] M
2
B mX PC fX open charm/bottom
(GeV2) (GeV2) (GeV2) (GeV) (%) (GeV5) threshold (GeV)
ccq¯q¯ η1 23 3.0− 3.6 3.3 4.35± 0.14 38.6 0.0490
ccu¯d¯ η6 23 3.1− 3.7 3.4 4.34± 0.16 37.9 0.0395 3.730
η7 22 2.6− 3.4 3.0 4.41± 0.12 39.4 0.0690
η8 23 2.6− 3.5 3.0 4.42± 0.14 41.1 0.0940
ccq¯s¯ η1 23 2.7− 3.6 3.2 4.37± 0.17 39.1 0.0357
η2 24 2.9− 3.8 3.2 4.59± 0.13 43.0 0.0838
η6 23 2.9− 3.7 3.4 4.35± 0.16 37.7 0.0353 3.833
η7 24 2.4− 3.9 3.4 4.58± 0.14 39.8 0.105
η8 24 2.4− 3.9 3.4 4.52± 0.13 41.1 0.114
η1 24 2.8− 3.7 3.3 4.47± 0.13 40.7 0.0603
ccs¯s¯ η3 23 2.5− 3.5 3.0 4.47± 0.14 40.9 0.101 3.937
η4 26 2.8− 4.2 3.3 4.74± 0.17 49.1 0.196
bbq¯q¯ η1 125 7.0− 9.6 8.0 10.6± 0.3 47.8 0.229
bbu¯d¯ η6 120 7.2− 8.9 8.0 10.4± 0.2 40.5 0.142 10.56
η8 120 8.2− 9.4 8.8 10.5± 0.2 35.9 0.492
η1 120 7.2− 8.8 8.0 10.5± 0.2 37.9 0.124
bbq¯s¯ η6 120 7.2− 8.9 8.0 10.4± 0.2 40.6 0.145 10.65
η8 120 7.6− 9.3 8.4 10.5± 0.2 37.8 0.491
η1 125 6.6− 9.6 8.0 10.6± 0.3 47.1 0.240
bbs¯s¯ η3 120 6.7− 9.0 8.0 10.5± 0.3 40.1 0.490 10.73
η4 120 6.8− 8.9 8.0 10.6± 0.3 38.8 0.655
TABLE XII: Numerical results for the doubly-charmed/bottomed QQq¯q¯, QQu¯d¯, QQq¯s¯ and QQs¯s¯ systems with JP = 1−.
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Current s0 [M
2
Bmin,M
2
Bmax] M
2
B mX PC fX open charm/bottom
(GeV2) (GeV2) (GeV2) (GeV) (%) (GeV5) threshold (GeV)
η1 28 3.0− 4.2 3.6 4.96± 0.11 42.1 0.0801
η2 27 3.1− 4.0 3.6 4.87± 0.11 38.5 0.0726
ccq¯s¯ η3 21 2.4− 3.4 2.8 4.12± 0.17 47.5 0.0571
η4 21 2.5− 3.4 2.8 4.13± 0.16 47.9 0.0574 3.975
η5 21 2.8− 3.7 3.2 4.12± 0.16 41.7 0.0378
η6 21 3.0− 3.7 3.2 4.17± 0.12 41.5 0.0718
η7 21 2.2− 3.3 2.8 4.15± 0.17 42.9 0.0465
ccs¯s¯ η1 29 3.2− 4.5 3.8 5.03± 0.13 42.5 0.138
η2 30 3.2− 4.6 3.8 5.12± 0.14 45.9 0.150 4.081
η3 21 2.2− 3.4 2.8 4.17± 0.16 45.4 0.0838
η4 21 2.2− 3.4 2.8 4.19± 0.16 45.7 0.0849
bbq¯q¯ η3 115 6.5− 8.8 7.8 10.2± 0.3 41.4 0.459
η4 115 6.8− 8.8 7.8 10.2± 0.3 41.7 0.454
bbu¯d¯ η5 115 7.0− 9.0 8.0 10.2± 0.3 42.8 0.215 10.60
η6 115 7.0− 9.2 8.0 10.2± 0.3 42.0 0.304
η7 115 6.5− 8.6 7.6 10.2± 0.3 43.2 0.241
η8 115 6.8− 8.8 7.6 10.2± 0.3 41.7 0.343
η1 125 6.9− 8.6 7.6 10.7± 0.3 42.1 0.155
η2 125 6.9− 8.8 7.6 10.7± 0.4 44.5 0.170
bbq¯s¯ η3 120 6.2− 9.8 8.0 10.4± 0.3 48.9 0.452
η4 120 6.5− 9.8 8.0 10.4± 0.3 49.3 0.446 10.69
η5 120 6.6− 9.8 8.0 10.3± 0.3 52.3 0.298
η6 120 6.6− 9.8 8.0 10.3± 0.4 52.1 0.418
η7 120 6.2− 9.6 8.0 10.4± 0.3 48.1 0.342
η8 120 5.8− 9.6 8.0 10.4± 0.3 46.3 0.491
bbs¯s¯ η1 130 7.0− 9.7 8.5 11.0± 0.3 40.8 0.336
η2 130 7.2− 9.9 8.5 10.9± 0.3 42.9 0.370 10.78
η3 120 6.2− 9.8 8.0 10.4± 0.3 48.1 0.657
η4 120 6.2− 9.8 8.0 10.4± 0.3 48.5 0.651
TABLE XIII: Numerical results for the doubly-charmed/bottomed QQq¯q¯, QQu¯d¯, QQq¯s¯ and QQs¯s¯ systems with JP = 1+.
After performing the QCD sum rule analysis to the doubly-charmed/bottomed QQq¯q¯, QQu¯d¯, QQq¯s¯ and QQs¯s¯
systems with JP = 0−, 0+, 1− and 1+, we collect the numerical results for all these tetraquark states in Tables X –
XIII [55]. We take into account only the uncertainty of the values of the threshold parameter and variation of the
Borel mass to obtain the errors. The other possible error sources, including the truncation of the OPE series, the
uncertainty of the quark masses and the condensate values, are not considered. From these results, one finds that
there are no stable sum rules for the 0+ and 1+ ccq¯q¯ and ccu¯d¯ systems, which implies that these tetraquark states
probably do not exist. The corresponding bbq¯q¯ and bbu¯d¯ sum rules are relatively more stable.
We also give the open charm/bottom thresholds for all tetraquark states in Tabels X – XIII. One can easily find that
the extracted masses of the ccq¯q¯, ccq¯s¯, and ccs¯s¯ doubly charmed states are above the D
(∗)(+/0)
(0/1) D
(∗)(+/0)
(0/1) , D
(∗)+
(0/1)D
(∗)+
s(0/1),
D
(∗)+
s(0/1)D
(∗)+
s(0/1), and N¯Ωcc thresholds. They can decay into the two meson/baryon final states easily through the fall-
apart mechanism. They are very broad resonances and difficult to be observed experimentally. However, the situations
are very different for the doubly bottomed systems. In Tables X – XIII, the masses of the bbq¯q¯, bbu¯d¯, bbq¯s¯, and bbs¯s¯
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are below the B¯0B¯0, B¯0s B¯
0
s and N¯ + Ωbb thresholds. In other words, the tetraquark states bbq¯q¯, bbu¯d¯, bbq¯s¯, and bbs¯s¯
are stable i.e, they only decay via electromagnetic and weak interactions. This observation is consistent with the
conclusions in Refs. [54, 59, 67].
VI. MASS SPECTRUM OF THE OPEN-FLAVOR TETRAQUARK STATES
The bcq¯q¯ systems were studied in Refs. [65, 66, 111] and their mass predictions are below the thresholds of B−D+
and B¯0D0. In Refs. [57, 112, 113], the authors studied the cq¯b¯q systems and indicated that there may exist Bc-like
molecular states. In this section we study the open-flavor bcq¯q¯, bcs¯s¯ and qcq¯b¯, scs¯b¯ thetraquark systems with JP = 0+
and 1+ in QCD sum rules.
The QCD sum rules analyses are the same with the previous sections and we ignore the details here. We collect
the numerical results for the scalar and axial-vector bcq¯q¯, bcs¯s¯ tetraquarks states in Tables XIV and XV while for
qcq¯b¯, qcs¯b¯ tetraquarks states in Tables XVI and XVII, respectively [56]. From these results, we find that the bcq¯q¯, bcs¯s¯
tetraquark systems have much bigger pole contributions than the qcq¯b¯, qcs¯b¯ systems, which results in broader Borel
windows for the previous systems. The mass sum rules for the bcq¯q¯, bcs¯s¯ systems are more stable.
The numerical results in Tables XIV–XVII show that the bcq¯q¯, bcs¯s¯ and qcq¯b¯, scs¯b¯ tetraquark states lie below the
open-flavor thresholds D(∗)B¯(∗), D
(∗)
s B¯
(∗)
s and D(∗)B(∗), D
(∗)
s B
(∗)
s , respectively. They cannot decay into the open-
flavor final states via the strong interaction due to the kinematic limits. But the qcq¯b¯ and scs¯b¯ states can decay into
Bc plus a light meson, such as X(0
+)→ Bcπ,Bcη and X(1
+)→ Bcρ,Bcω. Such channels are suggested for the future
search of these possible qcq¯b¯, scs¯b¯ states. However, the bcq¯q¯ and bcs¯s¯ tetraquark states cannot decay through these
fall-apart mechanisms, suggesting dominantly weak decay mechanisms.
System Current s0(GeV
2) [M2min,M
2
max](GeV
2) mX(GeV) PC(%)
bcq¯q¯ J1 60± 2 5.4− 6.2 7.27± 0.19 35.5
J2 59± 2 6.1− 6.4 7.16± 0.16 32.9
J3 58± 2 5.4− 6.0 7.14± 0.16 33.9
J4 60± 2 6.1− 6.4 7.23± 0.19 33.5
bcs¯s¯ J1 61± 2 4.9− 6.4 7.35± 0.17 39.1
J4 60± 2 5.6− 6.5 7.26± 0.24 36.7
TABLE XIV: Numerical results for the bcq¯q¯ and bcs¯s¯ systems with JP = 0+.
System Current s0(GeV
2) [M2min,M
2
max](GeV
2) mX (GeV) PC(%)
bcq¯q¯ J1µ 59± 2 5.5− 6.1 7.21± 0.16 34.7
J2µ 60± 2 5.3− 6.2 7.27± 0.20 37.5
J3µ 60± 2 5.4− 6.3 7.26± 0.19 36.8
J4µ 58± 2 5.3− 6.0 7.13± 0.17 35.7
bcs¯s¯ J2µ 61± 2 4.9− 6.4 7.35± 0.22 41.2
J3µ 61± 2 4.9− 6.4 7.34± 0.22 42.1
TABLE XV: Numerical results for the bcq¯q¯ and bcs¯s¯ systems with JP = 1+.
System Current s0(GeV
2) [M2min,M
2
max](GeV
2) mX(GeV) PC(%)
qcq¯b¯ J1 55± 2 7.8− 8.0 7.11± 0.15 10.2
scs¯b¯ J1 56± 2 6.6− 8.1 7.16± 0.18 14.4
J2 56± 2 8.8− 9.2 7.10± 0.26 10.6
J4 56± 2 8.8− 9.1 7.10± 0.27 10.9
TABLE XVI: Numerical results for the qcq¯b¯ and scs¯b¯ systems with JP = 0+.
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System Current s0(GeV
2) [M2min,M
2
max](GeV
2) mX(GeV) PC(%)
qcq¯b¯ J1µ 55± 2 7.9− 8.2 7.10± 0.16 10.4
J2µ 55± 2 7.9− 8.2 7.09± 0.16 10.7
scs¯b¯ J1µ 55± 2 6.7− 7.9 7.11± 0.16 14.0
J2µ 56± 2 6.7− 8.3 7.15± 0.20 14.2
J3µ 52± 2 6.7− 7.3 6.90± 0.14 11.6
J4µ 52± 2 6.7− 7.3 6.92± 0.18 11.0
TABLE XVII: Numerical results for the qcq¯b¯ and scs¯b¯ systems with JP = 1+.
VII. MASS SPECTRUM OF THE QUARKONIUM HYBRID Q¯GQ STATES
Including only dimension four condensate in the correlation functions, the charmonium hybrids with JPC =
0−+, 0+−, 1−+, 1−− and 2−+ were unstable in Refs. [30–32]. To stabilize these hybrid sum rules, we reinvestigated
the two-point correlation functions and considered also dimension six tri-gluon condensate [37].
As shown in Fig. 5, the gluon condensate is the dominant power correction to the charmonium hybrid sum rule
in Eq. (12). However, the tri-gluon condensate is too large to be neglected. By studying the OPE convergence and
the pole contribution, we obtain the suitable working region of the Borel mass 4.6 GeV2 ≤M2B ≤ 6.5 GeV
2 with the
continuum threshold s0 = 17 GeV
2. In Fig. 6, the Borel curves are very stable in the the regions of these parameters.
We then extracted the mass of the 1−+ charmonium hybrid as [37]
mX = (3.70± 0.21)GeV, (36)
which is about 0.5 GeV lower than the lattice result in Ref. [45]. One finds that the tri-gluon condensate can stabilize
the hybrid sum rules and lead to the reliable mass prediction. After performing the sum rule analysis for all channels,
we collect the numerical results for the charmonium and bottomonium hybrids in Tables XVIII and XIX respectively
[37]. Only errors from the uncertainties in the charm quark mass and the condensates are taken into account. We do
not consider other possible error sources such as truncation of the OPE series, the uncertainty of the threshold value
s0 and the variation of Borel mass MB.
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FIG. 5: OPE convergence for the 1−+ charmonium hybrid.
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JPC s0(GeV
2) [M2min,M
2
max](GeV
2) mX(GeV) PC(%)
1−− 15 2.5− 4.8 3.36± 0.15 18.3
0−+ 16 5.6− 7.0 3.61± 0.21 15.4
1−+ 17 4.6− 6.5 3.70± 0.21 18.8
2−+ 18 3.9− 7.2 4.04± 0.23 26.0
0+− 20 6.0− 7.4 4.09± 0.23 15.5
2++ 23 3.9− 7.5 4.45± 0.27 21.5
1+− 24 2.5− 8.4 4.53± 0.23 33.2
1++ 30 4.6− 11.4 5.06± 0.44 30.4
0++ 34 5.6− 14.6 5.34± 0.45 36.3
0−− 35 6.0− 12.3 5.51± 0.50 31.0
TABLE XVIII: Mass spectrum of the charmonium hybrid states.
JPC s0(GeV
2) [M2min,M
2
max](GeV
2) mX(GeV) PC(%)
1−− 105 11− 17 9.70± 0.12 17.2
0−+ 104 14− 16 9.68± 0.29 17.3
1−+ 107 13− 19 9.79± 0.22 20.4
2−+ 105 12− 19 9.93± 0.21 21.7
0+− 114 14− 19 10.17± 0.22 17.6
2++ 120 12− 20 10.64± 0.33 19.7
1+− 123 10− 21 10.70± 0.53 28.5
1++ 134 13− 27 11.09± 0.60 27.7
0++ 137 13− 31 11.20± 0.48 30.0
0−− 142 14− 25 11.48± 0.75 24.1
TABLE XIX: Mass spectrum of the bottomonium hybrid states.
Y (4260) was first observed in the J/ψπ+π− channel by Barbar collaboration [120] and confirmed by CLEO [121]
and Belle [122] collaborations. Its quantum number is JPC = 1−−. The open charm decay mode Y (4260)→ DD¯ has
not been observed in spite of the large phase space. This is consistent with the expectation of the hybrid meson decay
pattern, which disfavors the two S-wave meson final states but prefers the S + P decay mode. Since its discovery,
Y (4260) was considered as a good candidate of the charmonium hybrid [123–125]. However, the mass of the 1−−
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channel of charmonium hybrid in Table XVIII is about 3.36±0.15 GeV, which is much lower than the mass of Y (4260)
meson.
In the MIT bag model [4, 5], the hybrid states with JPC = (0, 1, 2)−+, 1−− were considered to be composed of a
S-wave color-octet qq¯ pair and an excited gluon field with J
PgCg
g = 1+−. This supermultiplet was confirmed in lattice
QCD [45] and the P -wave quasi gluon approach [126] for the heavy quarkonium hybrid systems, in which a heavier
hybrid supermultiplet was also predicted including states with JPC = 0+−, (1+−)3, (2+−)2, 3+−, (0, 1, 2)++. In Tables
XVIII and XIX, our results support such supermultiplet structures that the hybrid states with JPC = (0, 1, 2)−+, 1−−
form the lowest supermultiplet while those with the quantum numbers JPC = 0+−, 2++, 1+−, 1++, 0++ form a heavier
supermultiplet. The hybrid with JPC = 0−− is the heaviest one, which may suggest that this state has a higher gluonic
excitation.
The numerical results of the b¯gc hybrid states are collected in Table XX [38]. In the b¯Gc hybrid systems, the
supermultiplet structures are still present. In Table XX, the hybrid states with JP = (0, 1, 2)−, 1− form the lightest
supermultiplet while a heavier one is formed by the states with JP = (0+)2, (1+)2, 2+. We obtain two vector states
with JP = 1− in the lightest hybrid supermultiplet while two 1+ two 0+ hybrids in the heavier supermultiplet. The
mass differences for the vector, axial-vector and scalar doublet are 0.12 GeV, 0.53 GeV and 1.18 GeV, respectively.
There also exists a pseudoscalar doublet with the mass difference around 1.58 GeV. The existence of these hybrid
doublets suggests that the operators are separately probing a ground and excited state. The two hybrids with the
same quantum numbers have very different gluonic excitations.
Operator JP s0(GeV
2) [M2min,M
2
max](GeV
2) mX(GeV) PC(%)
J˜
(2)
µ 1− 52 5.90− 6.50 6.83± 0.16 55.9
J˜
(1)
µ 0− 61 10.4− 11.5 6.90± 0.22 23.4
J
(1)
µ 1− 62 9.00− 10.7 6.95± 0.22 26.1
J
(3)
µν 2− 59 8.00− 10.5 7.15± 0.22 29.4
J˜
(2)
µ 0+ 69 10.9− 12.0 7.37± 0.31 22.8
J˜
(3)
µν 2+ 66 8.00− 11.2 7.67± 0.18 39.8
J
(2)
µ 1+ 71 5.90− 8.00 7.77± 0.24 59.4
J˜
(1)
µ 1+ 77 9.00− 10.0 8.28± 0.38 54.3
J
(1)
µ 0+ 84 10.4− 12.2 8.55± 0.44 55.7
J
(2)
µ 0− 76 10.9− 14.2 8.48± 0.67 24.4
TABLE XX: Numerical results of the b¯gc hybrid states.
VIII. SUMMARY
In this article, we have reviewed our previous investigations of the quarkoniumlike tetraquark qQq¯Q¯ systems [51, 52],
doubly charmed/bottomed tetraquark QQq¯q¯ systems [55], open-flavor bcq¯q¯ and qcq¯b¯ systems [56], heavy quarkonium
hybrid Q¯GQ systems [37] and the bottom-charm hybrid b¯Gc systems [38] in the QCD sum rules approach.
The discovery of the XY Z states is a significant challenge to our understanding of the QCD hadronic spectrum.
To understand the nature of these new mesons, the formalism of QCD sum rules provides is very useful. We have
evaluated the mass spectra of the heavy tetraquarks and the quarkonium hybrids in the framework of QCD sum rules.
The study of the charmoniumlike tetraquark state qcq¯c¯ provides possible interpretations for several new XY Z states,
such as Y (4660), X(3872), Zc(3900) and Zc(4025). The extracted mass of the 1
−− qcq¯c¯ tetraquark state is about
mX = (4.64± 0.09) GeV, which is consistent with the mass of Y (4660) meson and may indicate a possible tetraquark
interpretation. The mass of 1++ channel is about mX = (4.03 ± 0.11) GeV, which is slightly above the mass of
X(3872). Considering the uncertainties, the tetraquark interpretation of X(3872) is not excluded. The calculations
of the 1++ and 1+− qcq¯c¯ channels lead to the lowest lying ground states around 3.9–4.2 GeV, which may support
the charged states Zc(3900) and Zc(4025) as the candidate of the isovector charmoniumlike tetraquark states with
JP = 1+. Surprisingly, the mass spectrum of the charmonium hybrid states in Table XVIII is much lower than that
obtained in lattice QCD [45]. For non-exotic JPC , the effect of mixing with quarkonium states may raise these mass
predictions [109].
All the bbq¯q¯, bbu¯d¯, bbq¯s¯, bbs¯s¯, bcq¯q¯ and bcs¯s¯ tetraquark states lie below the B¯0B¯0, B¯0s B¯
0
s , N¯ + Ωbb, D
(∗)B¯(∗) and
D
(∗)
s B¯
(∗)
s thresholds. These tetraquark states cannot decay via strong interaction into both the two meson and two
23
baryon final states. They should be very narrow because they can decay via electromagnetic and weak interactions
only. These states may be searched for at LHCb and RHIC in the future, where many heavy quarks are produced.
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